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Abstract: The study covers the problem of early elimination of tool resonant vibrations through preliminary 

mathematical modelling. In particular, the problem is considered for the case of milling with an end mill on a vert i-

cal milling centre. The paper presents processed experimental data and results of mathematical modelling containing 

information on the rigidity of the FKC 4257 mill, its natural frequencies on the spectrum and vibration modes.  

The constructed finite element mathematical model covers the mill itself, the gripping collet and the collet chuck 

attachment. The model describes the static rigidity of the mill with an error of 2.2  %, and the position of its natural 

frequencies on the spectrum – with an error of about 7 % relative to the experimental results. By constructing  

the amplitude-frequency characteristic and conducting a modal analysis, it is shown that the first two vibration 

modes (80 and 112 Hz) are the most critical for the mill, both in terms of the amplitude of vibrations and in terms of 

their shape. The vibration shapes in the first modes are bending. During the modal analysis, the vibration shapes in  

the remaining modes are considered and estimated. To improve the convergence of the frequency analysis results, it 

is proposed to introduce the coefficient Kk1=0.9, which takes into account the lower rigidity of a real mill in compar i-

son with an idealized mathematical model, when applying which the convergence is improved to 2.5 %. Thanks  

to the applied technique, it is possible to obtain reliable data on the frequency zones of instability used in practice to 

avoid resonance phenomena. In the future, based on such data, taking into  account the correction factors, it is possi-

ble to train neural network models predicting the tool response under specific processing conditions and solving  

the inverse problem of selecting rational tool geometry for specific tasks.  
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acteristic; resonance. 
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INTRODUCTION 

During milling with end mills on large-sized high-

rigidity milling machines, the limiting elastic deforma-

tions are the release of the cutting tool itself, its vibra-

tions with a certain amplitude and frequency [1; 2].  

In cases when the frequencies of these vibrations do not 

resonate with the frequencies of other components of  

the “machine – fixture – tool – part” system (hereinafter 

referred to as MFTP), there is only a deviation from  

the specified shaping [3; 4] to one degree or another, i.e.  

a decrease in the processing accuracy [5; 6]. However, it 

is widely known that when resonance phenomena occur 

during milling, vibrations of increased amplitude occur, 

which can lead to accelerated wear [7], tool breakage [8; 

9] due to fatigue failure and microchipping of its cutting 

edges, as well as to failure of spindle bearings and other 

machine components [10; 11]. It should be noted that  

the above-mentioned negative consequences of the mill 

operation in the resonant or near-resonant frequency 

range are visible both when milling difficult-to-machine 

materials along complex spatial curved trajectories and 

when processing relatively pliable materials along simple 

flat trajectories. In particular, this is expressed in  

the unsatisfactory quality of the machined surfaces and  

the discrepancy between the obtained dimensions and 

shapes of the part and the initial machining tolerances [12].  

In this regard, the ability to abstract from the reso-

nant frequency zones in advance remains relevant for 

mechanical machining; for this purpose, the vibration 

component of the machining is often analyzed and  

the frequency response of the mills are constructed [13; 14]. 

To solve this problem, both empirical methods [15; 16], 

based on the readings of eddy current sensors, and 

mathematical modelling, including the finite element
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analysis method [17; 18], are widely used. Moreover, to 

reduce and prevent the influence of tool vibrations,  

the results of modal analysis [19; 20] can be used, which 

provides an idea of the vibration forms [21] on the fre-

quency spectrum. 

The great majority of studies of cutting tools, in particu-

lar end mills, do not contain comprehensive consideration 

of the object in terms of both modal and frequency analyses 

and, as a result, no corresponding mathematical models 

with confirmed convergence are presented. Among  

the studies provided, when considering end mills, there are 

estimates of both the modes and amplitudes of vibrations  

on the frequency range, but separately from each other. 

Consequently, it is difficult to make an unambiguous con-

clusion about the criticality of a particular tool vibration 

frequency for milling. Therefore, an approach is required 

that combines an assessment by both the amplitude crite-

rion and the vibration mode criterion. 

The purpose of this study is to develop and test  

a method for end-to-end mathematical modelling, includ-

ing static, modal and frequency analyses, using the ex-

ample of the FKC 4257 mill installed on the MILLSTAR 

LMV 800 vertical milling centre; in this case, the model-

ling results should correlate with the experimental data. 

 

METHODS 

The end mill – collet chuck pair consisting of an FKC 

4257 end mill with a diameter of 10 mm and a BT-40-

ER32-100 collet chuck with a corresponding collet was 

investigated. The material of the mill is high-speed R6M5 

steel. Modelling was carried out using the finite element 

method with Femap with NX Nastran v11. A static force of 

400 N was used for static analysis and a unit force to obtain 

frequency responses. The MatLab package was used to 

process and visualize the experimental data.  

The experimental part of the study includes measuring 

the static rigidity of the mill, as well as obtaining its fre-

quency response. To conduct the experiment, a Z-shaped 

compression sensor was attached to the thread on the one 

side of the vertical plate fixed in a vice inside the working 

volume of the LMV 800 centre, and a screw was installed 

on the other side to load the mill. An indicator was mounted 

in a magnetic stand fixed to the machine spindle body. 

Measurements were taken using a DEP1 portable electronic 

dynamometer. 

During this experiment, a series of measurements were 

carried out with different forces applied to the mill – from 

50 to 400 N. Direct measurement of deformation was car-

ried out using a strain-gauge dynamometer with displace-

ment control by a clock-type indicator with a measurement 

error of 0.01 mm (right side of Fig. 1). 

The natural frequencies of the end mill on the LMV 800 

machine were obtained using the pulse method – by striking 

a dynamometric hammer with recording the response with  

a Bentley Nevada eddy current sensor. 

As will be shown below, it is the first two vibration 

modes that have the largest amplitudes, as well as the most 

dangerous natural vibration modes. In this regard, when 

considering the peaks in the frequency spectrum, we will 

make comparisons based on the first two peaks obtained 

experimentally. 

For the mathematical model, the conditions of fixing 

(boundary conditions) and loading were set according to the 

experiment, taking into account the materials of the bodies 

and the nature of their contact. 

Obviously, the limiting deformations will be observed 

at the maximum extension of the mill from the chuck, and 

the chuck itself will practically not undergo deformation. 

In this regard, a proportional finite element mesh for 

various bodies was set, which allows reducing the time 

required for analysis. 

 

 

 

 

 

Fig. 1. General view of the experimental installation inside the machine 

Рис. 1. Общий вид экспериментальной установки внутри станка 
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RESULTS 

Since deformations occur deep in the elastic region, 

then, as expected, the compliance graph (Fig. 2) is  

a straight line with a certain coefficient responsible for 

its slope. Let us determine the rigidity at the measure-

ment point (approximately 19 mm from the chuck) using 

the known relationship: 
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The vibration analyzer allowed obtaining the amplitude-

frequency characteristic (hereinafter referred to as the AFC) 

of the mill with pronounced peaks (Fig. 3). The first two 

peaks are located at frequencies of 80 and 112 Hz, respec-

tively. The parameters that were identified during meas-

urements in these experiments are decisive in terms of 

forming accuracy through elastic deformations. 

As can be seen from the static calculation (Fig. 4), under 

a load of 400 N, the greatest displacements are about 

0.2 mm at the end of the mill. It is possible to visualize 

more clearly the distribution of deformations along  

the length of the mill using a graph. The graph (Fig. 5) 

shows the displacements along the Z-axis (the longitudinal 

axis of the mill), with the zero reference point being  

the point of zero mill extension from the chuck (the edge of 

the chuck). The obtained dependence, in accordance with 

expectations, is close to linear. 

According to the calculation results, displacements of 

0.05 mm obtained experimentally were recorded at

 

 

 

 

 

Fig. 2. Experimental graph of the dependence of deformations (m) on the applied force (N).  

The highlighted area located along the graph line visualizes the 95 % confidence interval 

Рис. 2. Экспериментальный график зависимости деформаций (м) от прилагаемой силы (Н).  

Выделенная область, расположенная вдоль линии графика, визуализирует 95%-й доверительный интервал 

 

 

 

 

 

Fig. 3. The amplitude-frequency characteristic obtained experimentally with the peaks marked 

Рис. 3. Амплитудно-частотная характеристика, полученная экспериментально, с отмеченными пиками 

Frontier Materials & Technologies. 2025. No. 3 41



Voronov R.D., Rastorguev D.A., Levashkin D.G.   “Study of rigidity and frequency response of an end mill...” 

 

 

 

Fig. 4. Result of static calculation for rigidity 

Рис. 4. Результат статического расчета на жесткость 

 

 

 

 
 

Fig. 5. Graph of the dependence of displacements on the coordinate of the mill longitudinal axis (modelling) 

Рис. 5. График зависимости перемещений от координаты продольной оси фрезы (моделирование) 

 

 

 

a distance of approximately 19 mm (Fig. 5) from the edge  

of the chuck (mill extension). This value coincides with 

the distance from the edge of the chuck to the measure-

ment point during the experiment, which allows conclud-

ing that the created mathematical model for determining 

static rigidity is correct. 

Then the rigidity at the measurement point is equal to 

 

mm

N
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0502.0

400
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F
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The obtained modelled rigidity value differs from that 

calculated from the experimental data by 2.2 %, which con-

firms the correlation. 

To find the natural forms and frequencies of the structure, 

we will conduct a modal analysis for the same fixing condi-

tions as in the case of a static calculation. The result of  

the modal analysis can be presented both as a set of modes 

(Fig. 6) and graphically on a frequency interval (Fig. 7), where 

the peaks of natural frequencies are clearly visible. On  

the graph (Fig. 7), the dimensionless coefficient, which 

does not show the amplitude of vibrations at resonant fre-

quencies, is plotted along the ordinate axis, and the interval 
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Mode order number Frequency, Hz 

1 86.282 

2 86.314 

3 119.853 

4 119.917 

5 275.697 

6 407.808 

7 407.826 

8 427.403 

9 596.541 

10 596.969 

 

Fig. 6. Vibration modes of the end mill – collet chuck pair 

Рис. 6. Моды колебаний пары «концевая фреза – цанговый патрон» 

 

 

 

 

 

Fig. 7. The location of the first two natural frequencies of the mill on the spectrum (modelling) 

Рис. 7. Расположение первых двух собственных частот фрезы на спектре (моделирование) 

 

 

 

of the frequencies under consideration is plotted along the ab-

scissa axis. The desired peaks are located at 86 and 120 Hz, 

respectively. When comparing the position of the peaks on  

the spectrum with the experimental data (Fig. 3), a discrepancy 

of approximately 6–8 Hz is noticeable.  

As the modal analysis shows, in the first and second vibra-

tion modes (≈86 and 120 Hz), the natural form is bending, and 

in the instability zone there is only the mill itself, deviating from 

its axis to the side, which fully corresponds to the real direction 

of elastic deformations during milling with an end mill.  

Note that modes 1 and 2, 3 and 4, 6 and 7, 9 and 10 

have practically the same frequencies (Fig. 6), which is 

expressed graphically as a “merger” into a single peak of 

modes with serial numbers of 1 and 2, 3 and 4, respec-

tively. Moreover, the natural forms of the mill at these 

frequencies are identical and they are bending (Fig. 8). 

Therefore, we will consider such close modes as a single 

natural frequency. 

In the fifth mode of vibrations (≈276 Hz), the natural 

form is twisting around the longitudinal axis of the mill, 

and the collet chuck itself is mostly in the zone of instabil-

ity (Fig. 9). The next, sixth and seventh modes (≈408 Hz), 

correspond to the form of spatial bending of the entire 

structure around the nodes indicated by the violet-coloured 

zones (Fig. 10). This form of vibrations is dangerous due to 

the presence of an inflection, where the form of vibrations 

changes its direction. In this case, both the mill itself and 

the chuck body are still in the vibration antinode zones.  

The natural form in the eighth mode (≈427 Hz) is compres-

sive along the longitudinal axis of the tool, covering both 

the tool and the collet chuck (Fig. 11). The vibration anti-

node in this mode is concentrated on the mill. 
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Fig. 8. Vibration mode shape in the first mode  

for the case of a solid end mill  

Рис. 8. Cобственная форма колебаний на первой моде  

для случая цельной концевой фрезы 

 

Fig. 9. Vibration mode shape in the fifth mode  

for the case of a solid end mill  

Рис. 9. Собственная форма колебаний на пятой моде  

для случая цельной концевой фрезы 
 

 

 

 

 
 

 

Fig. 10. Vibration mode shape in the sixth mode  

for the case of a solid end mill 

Рис. 10. Собственная форма колебаний на шестой моде  

для случая цельной концевой фрезы 

 

Fig. 11. Vibration mode shape in the eighth mode  

for the case of a solid end mill  

Рис. 11. Собственная форма колебаний на восьмой моде 

для случая цельной концевой фрезы 
 

 

 

The last, ninth and tenth vibration modes (≈596 Hz), 

correspond to the form of the spatial bending of the mill 

itself exclusively (Fig. 12), similar to the natural form in  

the sixth mode (Fig. 10). Here, the bend and nodes on  

the mill body are also traced. 

Since the coefficient on the ordinate axis (Fig. 7) does not 

give any idea of the degree of criticality of a particular fre-

quency according to the vibration amplitude criterion, it is 

necessary to carry out a frequency analysis next. Frequency 

analysis implies taking into account the damping of the vibrat-

ing system through the damping coefficient determined ex-

perimentally. For the case of a solid end mill, the logarithmic 

damping decrement was 0.06 according to empirical data ob-

tained from the graph of the transient process of vibration 
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Fig. 12. Vibration mode shape in the tenth mode for the case of a solid end mill 

Рис. 12. Собственная форма колебаний на девятой моде для случая цельной концевой фрезы 

 

 

 

damping. Let us assume that this coefficient remains constant 

over the entire range of frequencies under consideration and is 

equal to the logarithmic damping decrement of vibrations. 

The result of frequency analysis is the amplitude – fre-

quency dependence in the relevant direction in space.  

In this case, we consider the transverse direction of the mill 

loading, i.e. the direction perpendicular to its axis. The fre-

quency response (AFC) is obtained with a damping coeffi-

cient taken equal to 6 %. For a more demonstrative display 

of all amplitudes, we will use a logarithmic scale on  

the ordinate axis (Fig. 13). 

According to the constructed AFC, it can be concluded 

that, according to the vibration amplitude criterion,  

the most dangerous are the first two natural frequencies of 

vibrations corresponding to frequencies of about 86 and 

120 Hz (according to the simulation results). They are also 

the most dangerous according to the vibration form crite-

rion, as shown by the modal analysis. 

Thus, the results of static, modal and frequency analyses 

correlating with the experimental results are obtained. 

 

DISCUSSION 

The obtained results on the position of natural frequen-

cies on the spectrum correlate with the experimental data 

within ≈7 %. Such a significant percentage of error is 

caused by the shift of the theoretical frequency response to 

the right in comparison with the empirical frequency re-

sponse, which, in turn, occurs due to the idealization of 

the mathematical model. In particular, in the model sub-

jected to finite element analysis, there are no mill chip 

grooves, which makes it more rigid and overstates the natu-

ral frequencies. Moreover, the type of frequency response 

and natural frequencies of a solid body is also affected by 

its geometric shape. Therefore, in the absence of wide and 

deep chip grooves, the result is somewhat distorted. In this 

regard, to improve convergence in such cases, it is possible 

to introduce a clarifying coefficient that will correct  

the rigidity of the mill and allow avoiding labour-intensive 

refinement of its model.  

It is important to note that since the force action during 

the experiment was exerted on the mill, which is kinemati-

cally connected to the collet chuck, and the chuck, in turn, 

to the machine spindle, etc., the obtained frequency re-

sponse is the resultant with respect to the machine itself and 

its rigidity. This contributed undoubtedly to the shape of  

the curve and the absolute values of the amplitudes [22]. 

This explains the inevitable external difference between  

the experimental frequency response and the frequency 

response obtained during the modelling. 

For the case of a solid end mill, we introduce a dimen-

sionless Kk coefficient, taking into account the presence of 

chip grooves in the section undergoing deformations. Obvi-

ously, the presence of chip grooves affects the movements 

along each of the coordinate axes differently, so the values 

of the coefficients should differ. Since for an axial tool in 

this work, the rigidity in the transverse direction (perpen-

dicular to the tool axis) is considered, we define the corre-

sponding coefficient Kk1=0.9. This coefficient value for 

each specific tool can be obtained as the ratio of the defor-

mations of a solid cylindrical body (rod) and the considered 

real tool with chip grooves, all other things being equal. 

When changing the rigidity of the model by 0.9 times, we 

obtain the following position of the peaks of the first two 

natural frequencies (Fig. 14). The first peak has shifted to  

the left to 82.2 Hz, the second one – to 114.3 Hz. Convergence 

with the experiment has been improved to 2.5 % (Fig. 3). 

It is important to note that the introduction of a clarify-

ing coefficient may not always be justified, since finding 

the peaks of natural frequencies is used in practice to avoid 

resonance phenomena, i.e. to separate operating modes and 

natural frequencies further from each other on the fre-

quency spectrum. In this case, from a practical point of 

view, in some cases it is not necessary to know the position 
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Fig. 13. Amplitude-frequency characteristic in the cross direction with amplitude logarithmic scale (modelling) 

Рис. 13. Амплитудно-частотная характеристика в поперечном направлении с логарифмической шкалой  

амплитуды (моделирование) 

 

 

 

 

 

Fig. 14. The location of the first two natural frequencies of the mill on the spectrum taking  

into account the correction factor (modelling) 

Рис. 14. Расположение первых двух собственных частот фрезы на спектре  

с учетом поправочного коэффициента (моделирование) 

 

 

 

of the peak on the spectrum with an accuracy of 1–3 Hz. 

Knowing the presence of a peak in the range of about 10–

15 Hz may be sufficient. The results of the static analysis 

(rigidity calculation) do not require clarification, initially,  

a convergence of 2.2 % is provided.  

One of the directions for further development of  

the subject of this study is the expansion of the modelled 

system, i.e. the inclusion of a blank, a device, and the ma-

chine itself in the mathematical model, which will ulti-

mately allow obtaining a model of a closed-loop “machine – 

fixture – tool – part” system. When maintaining the model-

ling methodology, it is expected to obtain convergence with  

the experiment, which will allow reflecting more fully and 

in detail the state of the technological processing system 

both in dynamics and in statics. 

 

CONCLUSIONS 

The presented rigidity modelling technique together 

with frequency analysis allows calculating force displace-

ments and elastic deformations of the tool for its state  

at critical loading frequencies. It is the search for rigidity 
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balance within the “machine – tool – part” system that 

forces us to evaluate the critical states of the tool, and then 

the machine, since it is the level of damping, rigidity and 

natural frequencies of the elements of the “machine – fix-

ture – tool – part” (MFTP) system that determines the pos-

sibility and duration of the tool operation, which is the clos-

ing link (relatively low-rigidity and vulnerable) in  

the MFTP system.  

The real response of the tool in the “machine – fixture – 

tool – part” system for individual cases, taking into account 

the geometry of the tool used, can be modelled with a con-

vergence of 7 %. In this case, the results of mathematical 

modelling can be clarified using a coefficient that allows 

taking into account the chip grooves of the tool, which 

makes it possible to save time for the detailed development 

of a 3D model. When using the coefficient, the convergence 

of the peaks on the spectrum with the experiment reaches 

2.5 %. Since the obtained calculated values of frequencies 

and deformations correlate with the experimental data, it 

can be stated that the goal of the work has been achieved. 

Based on differential equations with a coefficient 

adopted in the first approximation, it becomes possible to 

train neural network models that will allow obtaining out-

put data on the amplitude of tool deformation for any in-

put data on the expected processing conditions. Moreover, 

this will allow the neural network and the user to formu-

late specific proposals for changing (improving) the input 

data to ensure optimal cutting conditions for a predeter-

mined target function or for a whole set of target func-

tions. In other words, it is possible to solve both the direct 

and inverse problems. With a sufficiently high level of 

training of such a neural network model, all the modal, 

frequency and rigidity characteristics of the tool of inter-

est can be obtained from its output data without experi-

ments or any modelling. 
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Аннотация: Исследование посвящено проблеме заблаговременного исключения резонансных колебаний инст-

румента путем предварительного математического моделирования. В частности, проблема рассмотрена для случая 

процесса фрезерования концевой фрезой на вертикальном фрезерном центре. В работе приведены обработанные экс-

периментальные данные и результаты математического моделирования, содержащие сведения о жесткости фрезы 

ФКЦ 4257, ее собственных частотах на спектре и формах колебаний. Построенная конечно-элементная математиче-

ская модель охватывает саму фрезу, зажимную цангу и цанговый патрон. Модель описывает статическую жесткость 

фрезы с погрешностью 2,2 %, а положение ее собственных частот на спектре – с погрешностью около 7 % относи-

тельно результатов эксперимента. Посредством построения амплитудно-частотной характеристики и проведения мо-

дального анализа показано, что наиболее критичными для фрезы являются первые две моды колебаний (80 и 112 Гц), 

как по критерию величины амплитуды колебаний, так и по критерию их формы. Формы колебаний на первых модах 

являются изгибными. В рамках модального анализа рассмотрены и оценены формы колебаний на остальных модах. 

Для улучшения сходимости результатов частотного анализа предложено ввести коэффициент Kk1=0,9, учитывающий 

меньшую жесткость реальной фрезы в сравнении с идеализированной математической моделью, при применении 

которого сходимость улучшена до 2,5 %. Благодаря примененной методике можно получать достоверные данные  

о частотных зонах неустойчивости, используемые на практике для уходов от резонансных явлений. В перспективе на 

основе таких данных с учетом поправочных коэффициентов возможно обучение нейросетевых моделей, предсказы-

вающих отклик инструмента при конкретных условиях обработки и решающих обратную задачу подбора рациональ-

ной геометрии инструмента под определенные задачи. 

Ключевые слова: концевая фреза; жесткость; модальный анализ; частотный анализ; математическое моделиро-

вание; амплитудно-частотная характеристика; резонанс. 
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